We discuss a Modified Field theory (MOFT) in which the number of fields can vary. It is shown that in MOFT at very large distances the effective number of spatial dimensions is D ≈ 2 which corresponds to the observed fractal distribution of galaxies and the logarithmic behavior of the Newton's potential for a point source. It is also shown that in MOFT fermions obey the so-called parastatistics and at large scales can violate the Pauli principle.
The Modified Field Theory (MOFT) was suggested in Ref. [1] to account for spacetime foam effects and as it was recently demonstrated in Ref. [2] MOFT provides a reasonable alternative to the dark matter paradigm. It was shown that in some range of scales r min < r < r max the Newton's and Coulomb's energies of interaction between point particles in MOFT show essentially logarithmic (instead of 1/r) behavior. From the dynamical standpoint this looks as if every point source is surrounded with a halo of dark matter and dark charge. In addition to logarithmic potentials MOFT seems to require that the Universe has a fractal structure in the same range of scales with dimension D ≈ 2 [3] , which is supported by the observed fractal distribution of galaxies (e.g., see Refs. [4] - [7] ). It is natural to expect that these two facts (logarithmic potentials and the fractal distribution) have a common pure geometrical origin. In the present paper we show that it is really the case. It turns out that in the range of scales r min < r < r max there takes place some kind of a dimensional reduction of space, i.e., in this range an effective number of dimensions of the Universe is D ≈ 2. This, however, requires that fermionic and bosonic fields in MOFT have to be considered on an equal footing.
Indeed, the basic idea of MOFT (e.g., see Ref. [1] ) is the fact that nontrivial topology of space displays itself in the multivalued nature of all observable fields, i.e., the number of fields represents an additional dynamical variable. Moreover, the number of fields was shown to depend on the position in the momentum space [1, 2] . The topological origin of this additional variable means that the number of fields N (k) should represent a specific function of wave numbers k which is common for all types of fields and serves as a geometric characteristic of the momentum space. In fact, this function defines the spectral number of modes in the interval between k and k + dk
where g is the number of polarization states.
Since N (k) has a pure geometrical nature, it is clear that the measure (1) characterizes the number of degrees of freedom of a point particle and must hold for all types of particles, regardless of their statistics, while in Ref. [1] it was claimed that modification involves only bosonic fields. In this manner, we see that a self-consistent consideration of fermions does also require the description in terms of variable number of fields.
The measure (1) defines an effective dimension D of the space as follows
In the standard field theory N (k) = 1 and we get D = 3, while in MOFT properties of the function N (k) formed during the quantum period in the evolution of the Universe and depend on specific features of topology transformation processes. Thus, in the general case the effective number of dimensions D may take different values at different scales. In the simplest case the formation of the spectral number of fields N (k) was considered in Ref. [2] and it was shown there that in the case of the thermodynamically equilibrium state at low temperatures properties of this function are described by two characteristic scales k max = 2π/r min and k min = 2π/r max between which the number of fields N (k) changes its value from N min = 1 (at the point k max ) to the maximal value N max = 1 + [k max /k min ] (at the point k min ), where [x] denotes the integral part of the number x. In the range of wave numbers
and, therefore, from (2) we see that in this range the effective dimension of space is indeed D ≈ 2, which corresponds to the observed fractal distribution of galaxies and the logarithmic behavior of potentials (we recall that ln (r) gives the solution of the Poisson equation with a point source for two dimensions). The scale r min constitutes a few kpc and can be called as an effective scale of compactification of 3 − D dimensions, while the scale r max , if it really does exist, represents the boundary after which the fractal picture crosses over to homogeneity and the dimension D = 3 restores. Consider now properties of fermions in MOFT. From the mathematical standpoint the generalization of the quantum field theory to the case of a variable number of fields does not depend on the statistics of particles and remains the same as in the case of bosonic fields (e.g., see Ref. [1] ). Fermions, however, involve two obvious modifications. First, the number of particles in every mode takes now only two values n = 0, 1 (according to the Fermi statistics) and, in the second, the fundamental operators of creation and annihilation of fermionic modes have to obey the Bose statistics (otherwise the total number of modes will be always restricted by N (k) ≤ 2 for all k which is in contradiction to the observed fractal distribution of galaxies). The fact that at large distances k < k max the number of fermionic modes N (k) takes values N (k) > 1 means that in this range of scales the Pauli principle violates (at most N (k) fermions can occupy the same quantum state which corresponds to a wave number k). Thus, we see that in MOFT particles obey the so-called parastatistics (or Green the statistics) in which the order of statistics N (k) depends on scales. Note that the parastatistics was first suggested by H.S. Green in Ref. [8] and since then was widely considered (e.g., see Refs. [9] - [13] and for more recent discussions see Refs. [14] ). In this manner, we see that MOFT gives a specific realization of the parafield theory in which the order of the statistics represents a new variable related to the topology of space.
Let ψ be an arbitrary field which upon expanding in modes is described by a set of creation and annihilation operators a α,k , a + α,k , where α numerates polarizations and distinguishes between particles and antiparticles. In what follows for the sake of simplicity we ignore the presence of the additional discrete index α. These operators are supposed to satisfy the relations
where the sign ± depends on the statistics of particles. The expression (1) 
The energy operator for free particles is
where
In the general case the total Hamiltonian H = H 0 + V (where the potential term V is responsible for interaction) can be expanded in the set of operators (e.g., see for details Ref. [1] )
Consider the set of creation and annihilation operators for field modes {C (n, k) , C + (n, k)}, where k is the wave number and n is the number of particles in the given mode. These operators obey the standard relations
and should be used to construct the Fock space in MOFT. The sign ∓ in (6) depends on the symmetry of the wave function under fields permutation, i.e., on the statistics of fields. Since the number N (k) takes arbitrary integral values, we see that in the case of fermions the only choice is the Bose statistics, while in the case of bosons both signs are possible. However, there exists the spin-statistics theorem [13] (analogous to the Pauli theorem) which states that bosonic fields should be quantized according to the Fermi statistics.
In terms of C and C + operators (5) can be expressed as follows
and the eigenvalues of the Hamiltonian of a free field take the form
where N (n, k) is the number of modes for a fixed values of the wave number k and the number of particles n (N (n, k) = C + (n, k) C (n, k)). Thus, the field state vector Φ is a function of the occupation numbers Φ (N (n, k) , t), and its evolution is described by the Shrodinger equation
Consider now the particle creation and annihilation operators. Since the individuality of modes is limited, the role of the set of operators a k (j) , a + k (j) is played by operators A n,m (k). Among them we can distinguish the set which change the number of particles by one
and which replace the standard operators of creation and annihilation of particles, i.e., they satisfy the relations
where n = k n k = k,n nN (n, k).
The true vacuum state in MOFT is defined by the relationship
In the true vacuum state all modes are absent N (k) = 0 and hence no particles can be created and all observables related to the field are absent. Thus, the true vacuum state corresponds to the absence of physical space and in reality cannot be achieved. The ground state of the field ψ (which is the vacuum from the standpoint of particles) can be defined as a vector Φ 0 satisfying the relationships
for all values k and m = 0, 1, ... . However, these relationships still do not define a unique ground state and should be completed by relationships which specify the distribution of modes N (k). In the case of bosons additional relationships can be taken in the form
Then the state Φ 0 will correspond to the minimum energy for a fixed mode distribution N (k) and is characterized by occupation numbers
where θ (x) is the Heaviside step function and µ k is the chemical potential which can be expressed via the number of modes N (k) as
In particular, from (15) we find that the ground state for bosonic fields contains real particles
and, therefore, corresponds to a finite energy E 0 = ω k n k . Note, that in the case when the number of modes conserves, the set of creation operators b + m (k), m = 0, 1, ..., N (k) − 1 appears to represent the minimal set of creation operators which are necessary for constructing an arbitrary quantum state.
In the case of fermions the only nontrivial operator b (±) m (k) corresponds to m = 0 and additional relationships read
which means that the total number of particles n k which can be created at the given wave number k takes values n k = 0, 1, ..., N (k) (i.e., cannot exceed the number of modes). In this case the ground state Φ 0 corresponding to a fixed mode distribution N (k) is characterized by occupation numbers
In contrast to the case of bosonic fields the ground state (19) contains no particles and corresponds to the zero energy E 0 = 0. From the formal standpoint the ground state (19) can be constructed from the true vacuum state as follows
while the basis of the Fock space consists of vectors of the type
Consider now a system of baryons which at low temperatures represents the degenerate Fermi gas. In the standard theory occupation numbers n k ≤ 1 and the ground state is characterized by n k = θ (ω F − ω k ), where ω F is the Fermi energy. However in MOFT the maximal number of particles which can occupy the state corresponding to a fixed wave number k is N (k) and, therefore, the ground state of baryons in MOFT will be characterized by occupation numbers of the type n k = N (k) θ (ω F − ω k ). Since for k < k max we have N (k) > 1, we see that in MOFT at large spatial distances the Pauli principle is violated, i.e., n k > 1.
Let us discuss now possible restrictions on MOFT which comes out from violation of the statistics. At first glance the violation of the Pauli principle represents a rather serious problem, for such a violation had never been observed in laboratory experiments. However in reality, the situation is somewhat different. The fact is that in MOFT the violation of the Pauli principle takes place only for very small wave numbers k < k max which means that all particles which violate the statistics are localized on scales ℓ r min = 2π/k max ∼ 5Kpc. Therefore, in any laboratory experiment the probability to observe such a violation will be proportional to the factor P ∼ (L/r 0 ) 3 , where L is a characteristic spatial scale introduced by measurement instruments. E.g., if as such a scale L we take the Earth radius, this factor will be still extremely small P ∼ 10 −32 and therefore it looks hardly possible to observe such a violation in direct laboratory experiments. However, there are all chances to verify the violation pointed out in looking for indirect indications and, in particular, at cosmological scales. As two such indications we can except the observed fractal distribution of galaxies and the dark matter. We also believe that the subsequent investigation of the problem will result in a number of new independent tests.
In conclusion we point out that according to MOFT the violation of the Pauli principle serves as an indicator of nontrivial topology of space and, therefore, the possibility to detect such a violation in laboratory experiments represents an extremely intriguing problem.
